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When obsevatlons with an arrcsay include repeated obsevations with the same baseline we
term those obsevatians redundant. The repeated chservations may be made at the same time
(simultaneous redundancy?) or at different times (day-to-day redundancy). In both cases,
1f the choice of redundant spacings 15 suitabdle, the radundant measurements can be used to
determine phase errors 1n the array. Here we take as mwxamples, configurations relevant to
the campact array of the AT, 1.2. & 5 or & element array, with very little freedom of
movement for the sixth element.

(a) Equi-spaced triplets.

Sinoe almost al!l the configurations of which we are aware can be completely analysed
in terms of equi-spaced triplets, we shall first analyse that configuraticen in sane

detail. From observations with an equi-spaced triplet, given the phase errors of any 2
components, we can determine the third phase errar. Consider the following configuration:
(1} (23 (3>

Singce the spacing between ascials { & 2 1s the same as the spacing between aerials 2
& 3, the phase of the measured visibilities should be the sama, but because of phase
errors,-this will generally not be the case. Uencte the phase of the measured visibility
for aerials t & J by v(i,J), the true phase of this visibilty by t(i,j), and the phase

error in aeraial j by e(j), then:
vii,§) = tCi,j) + eti) ~ e(j)
and since t(1,2)=t(2,3)
v(1,2) = £(1,2) + a(l) - (2]
v(2,3) = £(1,2) + e(2) - @(3}
Suppose ef(1) & e(3) are hnown, then we can rewrite these equations as
£t1,2) ~ e(2) = v(1,2) - (1)
t(1,2) + e(2) = v(2,3) + e(d)

where the quantities on the left hand side are to ba determined, and those on tha right
hand side are knawn or measured. The solution of these equations is:

£01,2) = 0.5 # (v(1,2) + v(2,3) + e(3) ~ (1))

@(2) = t1,2) - v(1,2) + al(l)
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The anly other case that we need sonsidec .3 wh=n the #crors for the central aasrial

and one other are kmown, ©.g. Af eC(l) and eil:! are hpawn:
b,y o= wil,2) - atls ¢ atls
£r1,2) - @131 = veIy3r - el

which yi1elds tel,2y directly and @3 [frowu:

g(3y = bel,2) = veZ,31 9 gt

Thiz compietes the demonstration thabt uf aay > sf the errors are known, the third can
be determined.

{(b) Five element configuraticns

in detearmining the phase errors for an array of aerials we must recognise the
followwng restrictions:

# Since phaces must be measured relative to something, we can always take the phase
errar of 1 refarence aerial to be zera.

# Since we cannot from internal consastency alone expact to determine both the
absolute positions of the sources 1In the sky, and the pointing errar of the array, we
cannot eliminate a linear phase gradient from our results., Foar a linear array, we <can
take account of this by determining all the phase errors in tecms of one unknawn phase
grror, Or we can arbitrarily assume that the phase erraor of a second aerial is also zero,
but beac in mind that the observed distribution may have to be shifted. For errars which
vary with time, such as those due to atmospheric changes, the shift will be different for
different hour anglaes.

The follpowing are believed to be atl the linear configurations of 5 aerials for which
the redundancy 1s sufficient to determine all but 2 phase errors. With 5 aerials we
measure 10 spacings, and wish to detecming I errors, therefore at most 7 of the spacings
can be different. The number in parentheses 1s the number af different spacings maasured,
Where they are different mirraor 1mages are also shown.

0o 1 =z 3 & (&)
5 , I 2 1.0 ot 2 3 . 5 (53
5 & . 2 1 0O a 1 =z b 5 (%)
0 >3 &4 . b (S)
& . 3 2 1 @ a ¢+ > 3 . & (&
6 . 4 . 2 1t 0 a 1 2 . 4 . b (&3
9 . . 4 3 2 . O© o . z 3 & . . 7 (&)
7 , 4 . 2 1 O 0 1 2 4 . . 7 7
8 e A 2 1 0 0 1 X . A . . B 7
a . . 4 3 2 . 0O 0 203 4 . . . B8 [
& . 5 4 A D 2 4 § . , 8 (D]
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Only the last of the é&-companent canfigurations can not be analysed completely by
decomposition into triplets.

To Lilustrate how the others can be decomposed into triplets, we analyse the last of

these examples, assuming at the outset that kthe 2 end aerials have zerao phase errors. We
dencote by + aerialg for which the phase error is known, by 7 the aerial which is
determined at this step, and by K aeritals far which Lhe errar is known, but which are

irrelevent for this step:

X X ¥ %
T Y
X x ¥
x a U
o Xk

Clearly the optimum configurations are the last 4 of the table which all give the
maximum amount of new information for each day’s abservatians.

(c) Siwx-element configurations

The only é&-element configurations which 1interest us have 5 elements on the
three-kilometre track and one at the &4-kilometre point. Thersfore we need only cansider
the following type of configuration:

1 2 3 . &5 S - T X -

where the spacing 1-5 must equal the spacing G-6. The configuration of the first S
aerials wmight be any of theose enumerated above. Clearly this does not give us vary many,
significantly different configurations far the 6-element array. It therefors seems that
the aerial at the & kilometre point will pften have to he calibrated using day-to-day
vedundancy.

(d} Two-day sequences for sik elements.

The following two day sequence is based an a unit spaeing between stations of 13.39
m, giving =& total af 224 stations on the 3 km of track. (224 1g a multiple of 7 & 8),
The numbers indicate aerial positions from O to 224 for the 3km track, or 448 for the & km
paint.,

* * ® * * *
O 28 54 112 224 448
)
* * * * * *
0 94 160 192 224 h4a
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This observ.ng seauence qirves khe following spacings on the twe days:

8% Sewl 84 11z%> 144 196 Zz4*: 336 35z 420 448
Tiav PR oz 174 a0 192 4z 156 -1 35z 448

Except far Z24+2 and 448 all spacings are different from ane day to the next and both
configurations taken separately are optimally redundent. Fucther moce, because spacings
224 A 448 are aobserved on both days the pointing error far the secand day can b2 matched
to the pointimg ercror an the first day., Thais can be done for each hour angle step by
gamparing the measured wvisibilty phazs:z for the 224 spacing. Apry discrepancy 1s cewmaved
by applying a suitable linear phase gradient to the second day to match the first.

This two day sequenca 15 slightly less than aptimum since two spacings are répeatad.
The following two-day sequence avolds this wasted redundancy. It 1= based an a unit
spacing of 14,29 m, giving aerial positions fram 0 to 210 on tha 3 km track, and 4146 to
420 at the & km "point" ctotal movemsnt 463 kmo.

* * * * * #*
[a] 26 52 tDa o8 414
(B)
* * * * * *
0 30 40 120 710 : 420
These gLve the fallawing spacings for the I successive days:
bt Brd 5262 78 LO4%2 154 1827 zDBx2 1z 364 350 416
3a*2 L0%Z Fax2 120 150 180 zi0%2 200 340 390 420

This >-day sequence can be fully =zalibrated, including matching the phase grad:ient
from one day to the next (because spacing 2%0 1s repeated) but the distribution of
gpacings 15 less unifarm than for the previcus pa:rc. This may not matter 1f the sequence
15 only the starting point for a lorger series of observatians, using the prineiples
discussed in the next sectian, but would be unfortunate 1f the observations were to be

used alane.

A third similar sequence is the following, based on a unit spacing of 3Zkm/214=13,8%m
and regquiring movement of 147m at the &km poinkt. This seguence reguires much larger
maovement at the &km point but gives more even coverage 1f the two days are takem on thear
awWmn .
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* *+ * * * *
0 108 162 189 Z14& 432
(C)
* * * * ¥ *
0 20 180 180 210 420
This configuration y:elds the following spacings:-
2742 E4%2 81 1082 162 139 2142 o33 270 374 432
30%2 L0z FO*2 1z0 150 180 210%2 240 270 330 420
Appendix A gives details of how these Z-day sequences may be selected.
Day-to-day Redundapcy.
Suppose that we have made two day’s observations with the sequence (A) above, Then all
the spacings abserved on thaose two days are fully calibrated. 1f we then observe with the

following configuration:-

fmmmm L - amem t {==Bh--=b £=323 PRI mmmmmmmmmmmee e >
+ * * * * *
12 108 164 196 74 448

which vields spacings:-

28 3z 56 60 a8 9¢ 116 152 184 212
224 o5 284 340 43p

This configuration has been chosen with 5 zpacings (4 for a S-element array) which
duplicate spacings measured on previous duys. Since the phases far these § (4) spacings
are already known they can be used to determine the phase errors of 5 (4) aerials relative
ta 1 reference aerial. There are then 10 4 fully callibrated new spacings. Note that
when this method 1s used there 1s anly one set of pointing errors twhich sti1ll vary with
haur angle) cammon to all observing days. Consequently, after d abserving days, there are
10d (b6dY gquantities messursed for sach hoiwr angle, and anly one wunknown quantity, the
painting errar, bto be determined by s2lf cal or some other technique such as matching
centroids.

Why_use_redundancy?
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1f s21f galibratian worhks S0 wal! 12r cther observatoriss, «~hy should  we use radundancy
for the Australia Telescope” The answer, I pelievs, 1s khat with scur small number of
aerlalz, we caanot sxpect self cal ta worh as well as 1t does oo 27 aerials ab the VL4,
er 1> aerials at Westerbork. %2elf cal., like phase clasure, works much better with *10
asci1als thnan <10 aerirals. We can seec <his toom tne tollowlny sogumnent. In genaral, frcom
abservations with n  aerials we can measure nin-1:;/7 spacings, but we need to determine
tn-%) phase errors plus nin-1Ms2 visibaleities. Hence we vaguire 321f cal., ta determine
tp=-1)(p+21/2 quantities from nin-11/% measurements,. e ratio of these two numbers 1s
tn+X /n, whinh 15 close to 1 for larae n, but si1gnaflcantly larger for n=5 1.4y or n=e
t1.330., With careful use of redundancy the rfakio of guantibtiesz determined to guantities
measured can be reduced Lo somgthning wvercy oclaose ko 1, at the srpense of evktra observing
time. This will certainly mahe much more accurate mapping possible.

17 It seems desirable tao adjust the unit spacing to suill one af the two-day sequences
such as (A, By, or (0. (See alsa Appendax AY., This reguires that the unit spacing
should be 13.39, 14.79, ar 13.8%m respectively, giving 224, ztd, ar £16 steps 1n 3hm.
Further investigation may remove this restriction, although, particularly for case (B},
the adjustmant 15 vary small.

Decreasing the unit spacing. increases the number of days needed to form a full
synthesis from =20 to 21 ar 2I days. Howaver it shouid be recalled that the anly teasan
for performing a full synthesis 1s to cbtain a higher dynamic range, which may fail
without the calibration afforded by vredundancy.

21 The array must be a "gratairg" array, with the consequent grating lobes. Again 1t
Ls my private belief +that redundancy w:ll do more for utmproving dynamic range than
randamising the array.

3) 1n redundancy mode the observing time 1s increased by a factor “10/4. However 1t
should be possibie ko find a set of station locations which permit both redundant and
nen-redundant onservatians. 1f this is the case then having the option of redundant
observations avallable does nobt cause any penalty at all.

The basi=z for this optimism 1s the folowing: It 1s essential, for observations with
the &km array that there be a sufficient number of stations. For example 2 stations at
the tkm point and 35 on the 3km track mean that only x35=70 spacings 1in the range 3 to
6km can evar bes abserved. With 35 stations we can form 595 spacings in the range 0 te
3km, but only 200 of these can be different Cassuming 4 15m umt spacingl. Therefore
every spacing occurs an average af 3 bLim#s 1n tha configuration, gilving enormaus sScope for
designing shserving sequences using day to day redundancy. The anly special consideration
would therafore seem to be the need to provide a few days of simultanoeous redundancy, to
calibrate a btasic set of spacing= on which to build day-to-day redundant cunfigurations.
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Methad of selecting Z-day redundant Sequences.

Ta build up sequences such as CAY, B), and (C) above we are limited by the following
constraints.

The 3km arcay should be close to 3km long, because the spacing 1~5 must equal spacing
5-6; this 15 the anly way that the aer:al & can be calibrated.

The 3km array should be one of the configurations which gives 7 different &pacings,
ITisted 1n sectiaon (b)Y. The length af the first of those 1s 7 times the shortest spacing
and so we must choase this shortest Spacing absut 200/7=28.6 umit spacings long. The
other configurations all have lengths equal to & times the shortest spacing, and so muast
be built up of multiples of about 200/8=25 unit spacings,

Consider now the following, generalisaed Z-day sequence:

* * * * *

o} n o Zn 4n &n 16n

+* * * % * *
a 3m Em am Im 14m

Possible values for n are close to 25, and possible values for m are close to 29:

n= 23 24 25 24 27 28
8n= 184 192 200 208 216 224
1&n= 358 384 400 3T} 432 448
m= 26 27 28 29 3a 3 32
Tm= 182 18%9 194 203 210 217 224
14m= 364 378 agz 406 420 434 448

To minimise the length of track needed at the &km point we must choose values of n
and m such that 16n~14m. Also to relate the galibration from the first day to the
calibration fram the second day we need at least ane common baseline. Since all the
bagselines on the first day are multiples of n and all the baselines on the second day ara
multiples of m, we require that the least common multiple of m and n be less than 400.
For a given pair m & n, we set the larger aof 7m or Bn equal to 3km - this fixkes the unit
spacing, lén—14mt+unit 15 then the travel nesded at the &km point,
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The follgwing tabte lists same passible combinations:

n m unit cammon  &km example comments
spacing spacing travel

23 248 146.30 - 65,02 No caomman baseline.
23 27 15.87 - 158.7 No common baseline.
24 27 15.63 214 ?2.75 Large travel at &km.
24 z8 15.31 168,338 122,45 Large travel at &km,
25 28 15% .00 - 20.D No comman baseline.
25 29 14.78 - Ba.& No common baseline.
258 29 14.42 - 144.,2 Na comman baseline

26 30 14.28 390 67.1 B ‘

27 30 13.89 270 111.1 C Large movement at &Lkm.
27 31 13.82 - 27.4 No commail baseline.
28 32 13.39 224,448 D A Redundant redundancy.

29 32 12.93 - 206.% Na camman baseline




